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Abstract

Kauzmann showed that the entropy of a liquid decreases rapidly on cooling towards the kinetic glass transition
temperature and extrapolates to unreasonable values at lower temperature. The temperature where the extrapolated
liquid entropy meets the crystal entropy is now called the Kauzmann temperature. Thermodynamics, with Planck’s
statement of the third law, shows that the entropy of a liquid cannot be less than the entropy of a glass with the same
enthalpy. This is the thermodynamic condition violated by the Kauzmann extrapolation and it suggests a thermodynamic
glass transition. Simulations show that, for the simple models studied and regardless of how the liquid entropy is
extrapolated, the Kauzmann temperature cannot be reached because the entropy of glasses with the same enthalpy as
the liquid is greater than that of the crystal.
� 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

Kauzmannw1x pointed out that the entropy of a
supercooled liquid decreases rapidly on cooling
towards the kinetic glass transition temperature,
T , and usually extrapolates to the entropy of theg

more stable crystal not far belowT . To illustrateg

the apparent paradox that intrigued Kauzmann in
1948, and still intrigues us today, Figs. 1 and 2
show the heat capacity and entropy of liquid,
crystalline and glassy ethylbenzene; one of the
simpler substances for which state of the art
calorimetric measurementsw2x are available. The
heat capacity of the liquid is twice that of the
crystal near 120 K and it drops sharply as the
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liquid becomes glassy on cooling belowT . Withing

a transition range, 106-T-118 K, where the
measured heat capacity changes sharply, the meas-
urement time(f1 min w2x) is shorter than the
time needed to equilibrate the liquid but still long
enough to allow slow relaxation of glasses. The
kinetic nature of the experimental glass transition
is confirmed by observations that the drop in heat
capacity occurs at a higher temperature when the
liquid is cooled fasterw3x.

It is natural to ask how the amorphous phase
might behave belowT if it could be studied atg

equilibrium without freezing. Two conditions on
the behavior belowT , for real materials, are thatg

the entropy cannot be negative and that the heat
capacity must go to zero in the low temperature
limit w5x.
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Fig. 1. The isobaric heat capacity of ethylbenzene vs. temper-
ature at atmospheric pressure. The measured values from table
2 of Yamamuro et al.w2x are joined by straight lines except
near the melting temperature,T s178 K, where a short extrap-m

olationw4x of the stable crystal measurements is used to smooth
pre-melting effects. The glass was made by cooling the liquid
quickly to approximately 5 K and its heat capacity was meas-
ured by adiabatic calorimetry while warmingw2x.

Fig. 2. The entropy of ethylbenzene obtained by integrating the
heat capacities shown in Fig. 1, and using the measured entro-
py of melting from Yamamuro et al.w2x. In the transition range
106-T-118 K, where irreversible relaxations occur, the heat
capacities were extrapolatedw4x from above and below to esti-
mate the entropy of the equilibrated fluid or the stable glass.
The vertical dotted line locatesT f115 K, where the liquidq

and glass have the same enthalpy, and its length shows the
configurational entropyS (T )f1.1R. If the liquid heat capac-c q

ity stayed close to the value near 120 K, the liquid entropy
would vary asS (T)sS (120 K)yC (120 K) ln(120 KyT)l l P,l

and this is illustrated by the dashed extrapolation of the liquid
entropy to temperatures belowT .q

The slopes of the lines in Fig. 2 are related to
the heat capacities shown in Fig. 1 by

(≠Sy≠T) sC yT (1)P P

whereS is the entropy andC is the isobaric heatP

capacity. Fig. 2 shows that if the heat capacity of
the equilibrated amorphous phase did not drop
sharply belowT the entropy would become lessg

than that of the experimental glass below 100 K,
less than the crystal entropy below the ‘Kauzmann
temperature’T f88 K and less than zero belowK

60 K. It is ‘unthinkable’ w1x that the entropy of a
liquid can ever be much less than that of a solid,
so if the idea of an equilibrated amorphous phase
has meaning betweenT and absolute zero its heatg

capacity and entropy must follow paths quite
similar to those shown by the dotted lines in Figs.
1 and 2.

Kauzmann w1x considered a thermodynamic
glass transition but noted the unexplained coinci-
dence between the kinetic and thermodynamic
transitions. His preferred resolution of the apparent
paradox was that spontaneous freezing prevents
equilibration of the liquid nearT , so that theK

concept of an equilibrated amorphous phase loses
meaning.

Subsequently, Gibbs and DiMarziow6x presented
a lattice model for polymers with an ideal ther-
modynamic glass transition, where the entropy of
a liquid tends to that of an essentially unique ideal
glass. Adam and Gibbsw7x provided a plausible
explanation for the near coincidence of the kinetic
and thermodynamic glass transitions. DiMarziow8x
noted that glass forming atactic polymers do not
have a crystalline phase so that freezing cannot
always be invoked as a resolution. Angell et al.
w9x showed that spontaneous freezing of an aque-
ous solution is orders of magnitude slower than
the equilibration time within the liquid nearT .g

Section 2 shows that the entropy of a liquid
cannot be less than the entropy of a glass with the
same enthalpy. This is the thermodynamic condi-
tion likely to be violated when the liquid entropy
is extrapolated belowT and it suggests a ther-g

modynamic glass transition. Section 3 reviews
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some evidence from simulation studies to show
that, for the models studied, and regardless of how
the liquid entropy extrapolates, the Kauzmann
temperature cannot be reached because the entropy
of glasses with the same enthalpy as the liquid is
greater than that of the crystal.

2. Entropy of a glass

The entropy of a glass is an ambiguous concept
and it can be argued that it has no meaning
w10–12x. The calorimetric entropy of a real glass,
calculated by integrating Eq.(1) through T , isg

invariably greater than the crystal entropy in the
low temperature limit w10–12x. But quantum
mechanics requires that the entropy of any body
vanishes in the low temperature limitw5x, in accord
with Planck’s 1909 statement of the third laww13x.
The apparent conflict arises because the kinetic
glass transition is not a reversible process in the
thermodynamic sense, and the entropy changes
without an associated latent heatw14–16x. Section
3 summarizes some computer simulation studies
that measure the irreversible entropy change at the
transition.

The discussion is simplified by taking the pres-
sure, P, to be constant and the temperatureT to
be the only external variable. The properties of an
equilibrated, stable or metastable, liquid or crystal
are determined by its composition and the temper-
ature. The properties of a glass also depend on its
history w17x and it is necessary to distinguish
between glasses with different properties by spec-
ifying additional internal parameters. Davies and
Jonesw18x show that at least two internal para-
meters are needed when bothP and T variations
are considered but it is assumed here that one
internal parameter is sufficient when only one
external variable is considered. If structurally dis-
tinct glasses with the same history have signifi-
cantly different bulk properties then more internal
parameters are required to distinguish between
them, but simulations support the view that the
bulk properties of glasses formed with the same
history are reproduciblew17x.

It is usually assumedw10,11x that a glass
behaves reversibly at sufficiently low temperature.
At higher temperatures, where irreversible relaxa-

tion is evident, the properties of a glass may be
defined by extrapolation from temperatures where
it behaves reversiblyw2x. At some temperatureTs
T , a glass has the same volume and enthalpy, orq

heat contentq, as the equilibrated liquid.T servesq

here as the internal parameter to distinguish
between glasses with different properties. This
choice is convenient but any other property that
varies with T could serve as wellw18x. Forq

instance, in the inherent structures approach
w19,20x an equilibrated liquid is instantaneously
quenched to a glass in the low temperature limit
and the enthalpy,H (T , Ts0) w20x, of the glassg q

is used as the internal parameter. By construction
w20x, the liquid configuration that quenched to that
glass has the same enthalpy as the liquid at the
temperature, T , from which the liquid wasq

quenched. The definition ofT as a thermodynamicq

parameter characterizing a glass allows us to con-
sider the entropy difference between a glass and
the equilibrated liquid atTsT .q

In the following it is implicit that the liquid and
glass heat capacities are extrapolated toT fromq

temperatures where they behave reversibly and
that in Fig. 1, for instance, the steep dotted line
near T is replaced by a vertical line atT . Theg q

subscripts cr, l and g denote crystal, liquid and
glass, respectively.

The enthalpy of a glass is

T

H T ,T sH T ,0 q C T ,T dT (2)Ž . Ž . Ž .g q g q P,g q|
0

whereH (T , 0) is the enthalpy at absolute zero.g q

The enthalpy of the liquid atT is the same as that
of a glass withT sT by definitionq

H (T)sH T ,T , T sT. (3)Ž .l g q q

Fluctuations in the enthalpy of a liquid are
negligible, in the thermodynamic limit, so the
liquid samples only those glasses withT fTq

which satisfy Eq.(3). The thermodynamic differ-
ence between a liquid and a glass is thatT sT inq

the liquid but for a glassT is fixed andT can beq

varied. This explainsw18x the jump in heat capacity
at T because differentiating Eq.(3) givesq



414 R.J. Speedy / Biophysical Chemistry 105 (2003) 411–420

C (T)s ≠H y≠T sC T ,TŽ .Ž .P,l l P,g qP

q ≠H T ,T y≠TŽ .Ž .g q q P,T

(4)

whereC (T , T)s(≠H (T , T)y≠T) .P,g q g q P,Tq

The residual calorimetric entropy of a glass,
S (T ), relative to the crystal, in the low tempera-0 q

ture limit w10–12x, is calculated by integrating the
heat capacity around the loop shown in Fig. 1,
starting with the crystal at low temperature, adding
the entropy of melting and integrating back
towards the low temperature limit along the liquid
and glass lines.

TmC (T)P,cr lS T s dTqD S TŽ . Ž .0 q cr m| T0

T 0 C T ,TŽ .q P,g qC (T)P,lq dTq dT| |T TT Tm q

(5)

whereT is the equilibrium melting temperature.m

That calculation views the transition atT as aq

thermodynamically reversible process, with no
entropy change because there is no heat change.

The dotted line in Fig. 2 shows the vibrational
entropy of the glass, defined by

TC T ,TŽ .P,g q
S T ,T s dT (6)Ž .g q | T0

which tends to zero in the low temperature limit
w5,13x. The difference between the liquid and glass
entropies atT , shown in Fig. 2, is the configura-q

tional entropyw6,7x, S (T ), defined byc q

S T sS (T)yS T ,T , TsT . (7)Ž . Ž .c q l g q q

Summing the entropy changes around the loop
shown in Fig. 2 gives the vibrational entropy of
the glass, relative to the crystal, in the low tem-
perature limit,

TmC (T)P,cr lS T ,0 s dTqD S TŽ . Ž .g q cr m| T0

Tq C (T)P,lq dT| TTm

0 C T ,TŽ .P,g q
yS T q dT. (8)Ž .c q | TTq

The entropy of a real substance cannot be
negative w5x so S (T )00, and the vibrational0 q

entropyS (T , 0)s0 from Eq.(6), so Eqs.(5)–(8)g q

imply that

S T sS T 00 (9)Ž . Ž .c q 0 q

and

S (T)0S T ,T , T sT. (10)Ž .l g q q

Eq. (9) expresses the familiar notionw7,10–12x
that the residual calorimetric entropy is the entropy
that was ‘frozen in’ at some higher temperature.
Adam and Gibbsw7x used Eq.(9) (equation 34 of
w7x) to estimateS .c

Thermodynamics does not require the liquid
entropy to be greater than the crystal entropy, and
rare cases are known where a crystal melts on
cooling w21,22x, which implies that the liquid
entropy is less than the crystal entropy at equilib-
rium. But Eqs.(3) and(10) require that the liquid
entropy cannot be less than the vibrational entropy
of a glass with the same enthalpy, and this is the
thermodynamic condition likely to be violated first
when the liquid entropy is extrapolated below the
kinetic glass transition temperature.

The vibrational entropy of a real glassw2x is
typically 5–10% greater than the crystal entropy
near T . Fig. 2 shows thatS (T)yS (T f115 K,g l g q

T) extrapolates to zero atTf100 K, but this does
not violate Eq. (10) if a glass with the same
enthalpy as the liquid atTsT s100 K has aq

lower entropy than the experimental glass with
T f115 K. The unknown factor is the way thatq

S (T , T) changes withT . For instance, if allg q q

glasses of ethylbenzene have about the same heat
capacity w4x, independent ofT , Eq. (6) impliesq

that S (T s100 K, T)sS (T s115 K, T) and theg q g q

extrapolation of the liquid entropy shown in Fig.
2 does violate Eq.(10) below TsT s100 K. Butq

a more plausiblew23x estimate of the wayC (T ,P,g q

T), and henceS (T , T), vary with T , shifts theg q q

violation to lower T. The sign and magnitude of
w≠S (T , T)y≠T x is examined in Section 3.g q q T

The significance of the configurational entropy
owes much to Frenkel’sw24x insight that the
vibrational motions of the molecules in a liquid
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are like those in a solid. In a solid the molecules
vibrate about the sites of a fixed configuration. A
liquid samples many structurally distinct configu-
rations, or glasses, each with vibrational entropy
S (T , T), T sT, but the entropy of the liquid isg q q

higher than that of one glass because the liquid
samples an extensive number,N (T ), of structur-g q

ally distinct glasses. If the vibrational entropy of
the liquid is S (T , T), T sT, the configurationalg q q

entropyS (T )sk ln(N (T )) counts the numberc q B g q

of structurally distinct glasses that the liquid sam-
ples.k is the Boltzmann constant.B

The structure of a glass is fixed, except for
vibrations, so structural relaxation and flow
depends on transitions between glasses. Adam and
Gibbs w7x identify the rapid decrease inS (T )c q

with decreasingT sT as the main cause of theq

rapid increase in viscosity as a liquid is cooled
near T . If S (T )™0, as many extrapolationsg c q

suggest, the number of glassesN (T ) becomesg q

sub-extensive and transitions between them
become improbable. Adam and Gibbs argue that
this causes a thermodynamic glass transition where
structural relaxation times diverge.

3. Simulations

Simulation studies of model glasses compliment
studies of real systems and this section shows that
simulations can give evidence for an ideal glass
transition that is not available from studies of real
systems. One reason is thatS (T ) can be calcu-c q

lated directly in simulationsw14,15,17,25–31x
whereas estimates ofS (T ) for real liquids dependc q

on assumptions and extrapolationsw23x. A second
reason is that some simulated models evidently
w14,15,17,25x approach closer to the ideal glass
transition temperature whereS (T )™0. This isc q

puzzling because molecular dynamics simulations
are currently limited to time scales of microseconds
while real materials are studied for 10 times8

longerw3x. The kinetic glass transition temperature
decreases with slower cooling ratesw3x so a natural
expectation is that the much slower cooling rates
possible in real experiments should allow closer
approach to the ideal glass. A third reason is that
simulations permit the quantitative study of glasses
with a range histories and propertiesw17,26–31x

so that the variation ofS (T , T) with T can beg q q

measured. A fourth reason is that a fluid can be
made glassy in simulations by applying constraints
w30,31x and the entropy of a constrained glass can
be measured at temperatures where an unconstrai-
ned glass is unstable. These points are illustrated
by the simulation studies described below.

3.1. Hard spheres

The measured pressure of the stablew32x and
metastablew33x hard sphere fluid is represented by
an empirical equationw33x

2 34yq1.2162y q1.2467y
PVyRTs1q qD(y),21y2.1959yq1.21035y
y-0.56 (11)

where y is the fraction of the space occupied by
the spheres. ForN spheres of diameters in a
volume V, ys(py6)(Ns yV). The small term3

D(y)s0 wheny-y , wherey s0.491 is the equi-f f

librium freezing density w33,34x, and D(y)s
985(yyy ) wheny -y-0.56.3

f f

Accurate empirical equations are availablew35x
for the pressurew35,36x and entropyw34,35x of the
face centered cubic hard sphere crystal.

Many glassesw25,37x were made by compress-
ing the hard sphere fluid toy00.58 fast enough
to avoid the formation of crystallitesw15,25,37x.
The direct testw15x for the absence crystallites in
a glass is to decompress the glass instantaneously
to the densityys0.54, where the supercooled fluid
freezes quickly w15,33x if a crystal nucleus is
present. After the glasses are annealed nearys
0.58, which is just above the kinetic glass transi-
tion density, they behave reversibly when the
density is cycled up and down and they are
remarkably reproduciblew15,25,37x. The glass
pressures fit the empirical equation of statew17,25x

PVyRTs1qCyy y yy , y )y00.58 (12)Ž .0 0

with Cs2.8 andy s0.648"0.001. The uncertain-0

ty quoted is the standard deviation in the best fit
value of y for 11 independently formed glasses0

of Ns1372 spheres. The limiting densityy is not0

sensitive toN but the variance is larger whenN is
smallerw25x.
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Fig. 3. The volume of the hard sphere fluid(Eq. (11)), crystal
w35x and glasses(Eq. (12)) vs. temperature on an isobar.
VyV is the volume relative to the close packed crystal and0

TyT is the temperature relative to the equilibrium meltingm

temperature. The glass volumes are reproducible to within the
line width when the glasses are formed fast enough to avoid
crystallites and subsequently annealed atTyT f0.44m

w15,25,37x. The fluid and glass lines are extrapolated(Eqs.
(11) and (12)) when 0.52)TyT )0.44 (0.56-y-0.58), tom

show the change in slope atT yT f0.466, where the densityq m

y f0.574, and where the fluid and glasses have the same vol-q

ume and enthalpy at the same temperature and pressure. The
crystal line extrapolates to a spinodal instability above the
melting temperaturew35x. A plot of enthalpy against tempera-
ture has the same form because the enthalpy is 3RTy2qPV
and the pressure is constant.

The isobaric temperature dependence of the
volume of the hard sphere fluid, crystal and glasses
is shown in Fig. 3. On an isobarPV is constant0

and the temperature varies asRTyPV . The volume0

of the perfect crystal at close packing,V sNs y3
0

62, is the volume unit. For hard spheresPV y0

RTs8.17 at the equilibrium melting pointw33,34x
so the temperature relative to the melting temper-
ature isTyT s8.17y(PV yRT) on an isobar. Shortm 0

extrapolations of Eqs.(11) and (12) imply that
the fluid and glasses have the same volume and
enthalpy at the same pressure and temperature
whenT yT f0.466 andy f0.574.q m q

The change in entropy due to a change in density
is calculated by integrating the thermodynamic
relation PyTs(≠Sy≠V) . The entropy, relative toU

an ideal gas at the sameN, V andT, is

y PVyRTy1
D S(y)sD S y yR dy (13)Ž .ig ig r | yyr

wherey is a reference density where the entropyr

is known. For the fluidD S(y )s0 when y s0f
ig r r

provides the reference state.
The entropy of a glass, relative to an ideal gas,

from Eqs.(12) and(13), is

gD S(y)yRsC ln y yy qS (14)Ž .ig 0 0

whereS is a constant of integrationw34x that must0

be measured independently.
The vibrational entropy of a real glass(Eq. (6))

is calculated by integrating the heat capacity from
the low temperature limit, whereS (T , 0)s0, butg q

that method cannot be used for the classical models
studied in simulations because the heat capacity
stays finite and the entropy diverges to minus
infinity in the low temperature limitw34,36x. The
tether method was developedw14x to measure the
entropy of classical model glasses and it was used
to measure the crystal and the glass entropies
shown in this section. For the hard sphere crystal
the method agreesw35x well with the original
method of Hoover and Reew34x. The entropy
measurements confirm that the glasses behave
reversibly and they determine the constant of
integration in Eq.(14): S sy0.25"0.01 w25x.0

Fig. 4 shows the entropy of the hard sphere
fluid and glasses, minus the entropy of the crystal
at the same pressure and temperature. Eqs.
(11)–(14) yield S (T )f0.22R, which is muchc q

smaller than the valueS (T )f1.1R for ethylben-c q

zene in Fig. 2. This result is striking because the
effective cooling rate used to make hard sphere
glasses is approximately 10 timesw37x the cool-15

ing rate used to make real glasses. Another signif-
icant result w25x is that the difference between
fluid and crystal entropy is four times larger than
S (T ) at TsT .c q q

Long extrapolations of the fluid entropy
w14,38,39x locate the Kauzmann temperature at
T yT f0.3 (where the fluidy f0.62). If T isK m K K

the low temperature limit for the fluidw39x then
Eq. (9) implies the existence of an extensive
number of glasses, with the same density and
enthalpy as the fluid but with lower entropy than
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Fig. 4. The entropy of the hard sphere fluid(Eqs. (11) and
(13)) and glasses(Eq. (14)) relative to the crystalw35x at the
same temperature and pressure, vs.TyT on an isobar. Them

vertical solid line shows the entropy of meltingw33,34x. The
vertical dotted line locatesT yT f0.466 (Fig. 3) shows theq m

configurational entropyS (T )f0.22R. The glass line has ac q

negative slope because the crystal entropy diverges to minus
infinity faster than the glass entropyw15x asT™0 K.

Fig. 5. The volume of the SSW fluid, crystal and glasses vs.
temperature on an isobar.VyV is the volume relative to the0

close packed diamond crystal andTyT is the temperature rel-m

ative to the equilibrium melting temperature. The ‘fast’ glasses
(data from row 2 of table 4, of Ref.w17x) were formed by
compressing the fluid 10 times faster than the ‘slow’ glasses5

(data from row 13 of table 4, of Ref.w17x). The fluid and
crystal data are from empirical equationsw17x.

the crystal at T , which is possible only ifK

w≠S (T , T)y≠T x is large and positive. However,g q q T

much shorter extrapolations, with plausible
assumptionsw25x that allow for the variation of
S (T , T) with T , suggest thatw≠S (T , T)y≠T xg q q g q q T

is negative, and that Eq.(10) is violated at the
higher ‘ideal glass transition temperature’T y0

gt

T f0.428(where the density isy f0.586 w25x).0
m gt

The reproducibility of hard sphere glasses has
the drawback that it is difficult to make and
characterize glasses with differentT , andw≠S (T ,q g q

T)y≠T x has not been measured directly. Lowerq T

density glasses can be made, by compressing the
fluid quickly to high density without annealing,
but it is difficult to measure their properties
because they relax quickly to more stable glasses
when they are decompressedw25x.

3.2. Tetravalent saturated square well model

A tetravalent saturated square well model, SSW,
was developed to mimic tetravalent network glass-
es w17x. The results are relevant here because
stable glasses with a range of properties can be

made by compressing the SSW fluid at different
rates. Glasses formed by compressing the fluid at
the same rate are reproduciblew17x but varying
the compression rate by 10 changes the volume5

and enthalpy of the glasses by 6%, as shown in
Fig. 5.

The model and its propertiesw17x are described
briefly because the analysis is very similar to that
given for spheres in Section 3.1. The particles
have a hard sphere core of diameters and a square
well of diameterls. A pair whose centers are
within ls are bonded. When a particle has four
bonds it is saturated and other particles bounce off
it as though they are hard spheres of diameterls.
To mimic the angle dependence of real molecular
interactions, triangles of bonds are prohibited and
ls6(8y3) is chosen so that the model forms a
close packed diamond crystal in which the four
bonded neighbors of each particle are tetrahedrally
disposed with their centers separated byls.

The results shown in Figs. 5 and 6 are for the
special case where the bonds have zero energy so
that the potential energy of the system is zero and
the temperature varies asRTyPV on an isobar.0

The volume of the perfect diamond crystal at close
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Fig. 6. The entropy of the SSW fluid and glassesw17x relative
to the crystal at the same temperature and pressure, vs.TyTm

on an isobar. The vertical solid line shows the entropy of melt-
ing. The vertical dotted lines locateT yT s0.652(from Fig.q m

5) for the ‘slow’ glasses andT yT s0.813 for the ‘fast’ glass-q m

es, whereS (T )f0.46R andS (T )f1.09R, respectively.c q c q

Fig. 7. The volume of the fluid, crystal and constrained glasses
of a hard disc mixture vs.TyT on an isobar. The modelm

w31,32,40x is an equimolar mixture of discs with diameters in
the ratio 1.4:1.VyV is the volume relative to the close packed0

volume of two pure crystals of the components andTyT sm

21.6RTyPV is the temperature relative to the estimatedw31,40x0

eutectic freezing temperature. Numbers show the temperature,
T yT , where the fluid was constrained to make the glass andq m

where the glass has the same volume and enthalpy as the fluid
at the same temperature and pressure. Crosses show the meas-
ured volumes kinetic glasses formed by compressing the fluid
without constraintsw40x.

packing isV sNs (8y627) andPV yRTs8.15 at3
0 0

the equilibrium melting temperaturew17x so the
temperature relative to the melting temperature is
TyT s8.15y(PV yRT).m 0

Fig. 5 shows the volume of the fluid, crystal
and two glassesw17x. The ‘slow’ glass was formed
by compressing the fluid at slowest practical rate
and the ‘fast’ glass was formed by compressing
10 times faster. After the glasses are annealed at5

density V yVs0.73 they behave reversibly and0

conform to Eqs.(12) and (13). The properties of
many other glasses formed with intermediate com-
pression ratesw17x interpolate smoothly with the
compression rate and are not shown.

The volume and enthalpy of the two glasses
shown in Fig. 5 differ by 6% and theirT valuesq

differ by 25%, so ifS (T , T) varies significantlyg q

with T the difference would be evident. Fig. 6q

shows that the two glasses have essentially the
same entropy when they are compared at the same
T and P. For the SSW model then, there is no
indication that a large positive value ofw≠S (T ,g q

T)y≠T x can be invoked to prevent the impendingq T

violation of Eq. (10) well above the Kauzmann
temperature.

3.3. Constrained glasses of a hard disc mixture

A fluid of pure hard discs freezes too quickly
to allow study of its glass transition. An estimated
phase diagram for mixturesw40x suggests that an
equimolar mixture of small discs with diameter
s and big discs with diameters s1.4s showss b s

eutectic freezingw31,40x. Crystallites of the big
discs form whenPV yRTf21.6 and crystallites of0

the small discs form when their mole fraction is
increasedw31x. The deep eutecticw40x allows the
fluid mixture to be studied to high density without
freezing. The volume unitV sN63(s qs )y4 is2 2

0 s b

the volume of two pure crystals of the components,
which is probably the stable state of the system in
the low temperature limitw40x. Empirical equations
are used for the pressure and entropy of a pure
hard disc crystalw34,36x and for the fluid and
glasses of the mixturew31,40x. The equilibrium
melting temperature of the mixture has not been
determined preciselyw31,40x but that is not impor-
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Fig. 8. The entropy of the fluid and constrained glassesw30,31x
of the hard disc mixture relative to the entropy of two pure
crystals of the components at the same temperature and pres-
sure, vs.TyT on an isobar. The vertical solid line shows them

entropy of melting. Numbers show the temperature,T yT forq m

each glass. The fluid entropy includes the entropy of mixing
0.69R. S (T )f0.8R whenT yT s1.1.c q q m

tant for the present purpose andTyT s21.6ym

(PV yRT) is used in Figs. 7 and 8.0

Glasses can be made by constraining the fluid
w30,31x. Starting with an equilibrated fluid config-
uration, each disc is permanently constrained to
stay within the triangle of three close neighbors,
by requiring the disc and any two of the discs that
constrain it bounce off the line joining their centers
whenever they become collinear in a molecular
dynamics simulationw31x. Applying the constraints
causes a thermodynamic glass transition where the
heat capacity and entropy decrease but the volume
and enthalpy are unchangedw30,31x. The value of
PV yRT at the density where the constraints are0

applied determinesT for the constrained glass.q

The constraints can be applied in the low density
limit where PV yRT™0 andT yT ™`.0 q m

Fig. 7 shows that the volume and enthalpy of
the constrained glasses vary by approximately 16%
with T at the sameT. Fig. 8 shows that entropyq

of the glasses increases asT decreases so the fluidq

entropy cannot approach the crystal entropy with-
out violating Eq.(10) at a higher temperature.

4. Conclusion

Quantum mechanicsw5x and Planck’s statement
of the third laww13x require that the entropy of a
glass tend to the crystal entropy in the low tem-
perature limit, which implies that entropy of a
liquid cannot be less than the entropy of a glass
with the same enthalpy. This is the thermodynamic
condition violated by the Kauzmann extrapolation
and it suggests a thermodynamic glass transition.
Simulations show that, for the simple models
studied, and regardless of how the liquid entropy
extrapolates, the Kauzmann temperature cannot be
reached because the entropy of glasses with the
same enthalpy as the liquid is greater than that of
the crystal.
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